In this work, some fixed point and common fixed point theorems are investigated in b-metric-like spaces. Some of our results generalize related results in the literature. Also, some examples and an application to integral equation are given to support our main results.
Introduction and preliminaries
There exist many generalizations of the concept of metric spaces in the literature. In A sequence {x n } in the b-metric-like space (X, D) is called a Cauchy sequence if there exists lim n,m→+∞ D(x m , x n ) (and it is finite).
A b-metric-like space is called complete if every Cauchy sequence {x n } in X converges with respect to τ D to a point Then considering all possible cases, it can be checked that, for all m, n, p ∈ X, we have
Let (X, D) be a b-metric-like space, and let f : X → X be a continuous mapping. Then
In this paper, we investigate some new fixed point and common fixed point theorems in b-metric-like spaces. Some of our results generalize and improve related results in the literature. Some examples and an application are presented to support our main results.
Main results
In this section, we begin with the following definitions and lemma which will be needed in the sequel.
Definition . []
Let f and g be two self-mappings on a set X. If ω = fx = gx for some x in X, then x is called a coincidence point of f and g, where ω is called a point of coincidence of f and g.
Definition . []
Let f and g be two self-mappings defined on a set X. Then f and g are said to be weakly compatible if they commute at every coincidence point, i.e., if fx = gx for some x ∈ X, then fgx = gfx.
for some λ,  < λ < 
for all x, y ∈ X, where ϕ ∈ . Then T has a unique fixed point.
Proof Let x  be an arbitrary point in X. Define x n+ = Tx n for n = , , , . . . , then we can claim that
In fact, by (.), we have
it means that sequence {D(x n , x n+ )} is non-increasing and hence there exists some nonnegative number r  such that
taking n → +∞ in the above inequalities, the continuity of ϕ and (.) shows that r  ≤ r  -ϕ(r  ), yielding r  = , hence we conclude our claim. Now, we show that {x n } is a Cauchy sequence. For arbitrary ε > , we choose N ∈ N such that
), from which we obtain
By the above two cases, we show that our claim is true. From (.), we have D(x N  + , x N  ) < ε, which together with our claim implies that 
it implies that D(u, v) =  and so u = v, this means that T has a unique fixed point.
In Theorem ., taking ϕ(t) = Proof Let x  ∈ X. Since T is surjective, choose x  ∈ X such that Tx  = x  . Continuing this process, we can define a sequence {x n } such that x n- = Tx n , n ≥ , n ∈ N. Without loss of generality, we assume that x n- = x n for all n ≥ , n ∈ N. Due to (.), we have
. Applying Lemma ., we see that lim m,n→+∞ D(x m , x n ) =  and {x n } is a Cauchy sequence. Since (X, D) is complete, there exists z ∈ X such that
Consequently, we can find u ∈ X such that z = Tu. Now, we show that z = u. From (.), we get
Adding the above inequalities, we have
Letting n → +∞ in the above inequality, we obtain
This shows that u is a fixed point of T.
Corollary . Let (X, D) be a complete b-metric-like space with the constant s ≥  and let T : X → X be a surjection such that
for all x, y ∈ X and k > s. Then T has a unique fixed point.
Proof Letting a i =  (i = , , ) and a  = k, we find that T has a fixed point from Theorem .. Suppose that u and v are fixed points of T, then we get
, which is a contradiction), hence u = v, therefore T has a unique fixed point. Proof By Lemma ., there exists E ⊆ X such that T(E) = T(X) and T : E → X is one-toone. Now, we define a mapping h :
Lemma . [] Let X be a nonempty set and T : X → X a function. Then there exists a subset E ⊆ X such that T(E) = T(X) and T : E → X is one-to-one.
is complete, by using Corollary ., there exists a unique x  ∈ X such that h(Tx  ) = Tx  , hence Fx  = Tx  , which means that F and T have a unique point of coincidence in X.
Let Fx  = Tx  = z, since F and T are weakly compatible, Fz = Tz, which together with the uniqueness of point of coincidence implies that Fz = Tz = z, therefore, z is the unique common fixed point of F and T.
Now, we introduce some examples to illustrate the validity of our main results. . Now, we show that () is true. Since , y) ). Hence we conclude that () holds, therefore all the required hypotheses of Theorem . are satisfied, and thus we deduce the existence and uniqueness of the fixed point of T. Here,  is the unique fixed point of T. ). Since t ≥ ln( + t) for each t ∈ [, +∞), for all x, y ∈ X, we have 
Existence of a solution for an integral equation
Consider the following integral equation: 
